We find necessary and sufficient conditions for gauge invariance of the action of Double Field 
Introduction
Double Field Theory (DFT) is a recent development that promotes a string duality to a symmetry in field theory. It is manifestly invariant under global symmetries that include T-duality transformations. The original formulation was done in [1] , following previous ideas by Siegel [2] and Tseytlin [3] (see also [4] ). Since then, DFT has been extended in many different ways [5] - [10] . Some very recent related works on duality based constructions are [11, 12] . Some reviews on the subject can be found in [13] .
The theory is formally defined on a double space, that includes coordinates which are Fourier dual to momentum modes, plus T-dual coordinates associated to winding. However, the current formulation of DFT is restricted by the so-called weak and strong constraints, that ensure gauge invariance and closure of the algebra. Combined, these constraints imply that the theory is only consistent on a slice of the double space parameterized by half of the coordinates, such that there always exists a frame in which locally the configurations do not depend on dual coordinates. Therefore, the doubling is only formal and the theory is not truly doubled. Since the constraints are covariant under the global symmetries, the theory can still be covariantly formulated.
Recently, flux compactifications of DFT were considered in [8, 9] . It was realized that Scherk-Schwarz dimensional reductions [14] of DFT lead to gauged supergravities in lower dimensions, in which the so-called non-geometric fluxes [15] are purely geometric when analyzed from the point of view of the double space [16, 17] . Interestingly, when the constraints are applied to the compactification ansatz, the gaugings in the effective theory are forced to satisfy relations that are stronger than the usual quadratic constraints (Jacobi identities) required for gauge consistency. The fact that the effective action is overconstrained, suggests that the constraints could be relaxed on the internal space.
In this paper, we explicitly show that it is possible to relax the weak and strong constraints.
We first show that demanding gauge invariance and closure of the gauge transformations leads to a set of invariance and closure constraints. These constraints select subsets of fields and gauge parameters for which the gauge symmetries of DFT are consistent. Interestingly, the weak and strong constraints are sufficient to satisfy the closure and invariance constraints, but not necessary.
In [7] it was shown that DFT can be deformed by gaugings that preserve the global covariance of the theory. The gaugings allow for non-Abelian gauge symmetries for vectors, and therefore this scenario is fruitful for embeddings of the Heterotic String [7] and gauged supergravities [8, 9] in DFT. Here we show that these deformed theories, that we call Gauged DFT (GDFT), can be obtained from Scherk-Schwarz flux compactifications of higher dimensional (ungauged) DFTs. In this sense, the gaugings are not introduced by hand, but arise from the duality twists of the compactification and therefore have a higher dimensional origin. We show that the action of GDFT, its global symmetries, bracket, gauge symmetries and their closure, and the constraints can all be obtained by twisting their analogs in the parent higher dimensional DFT. The twisted constraints are such that their dependence on the gaugings always appears in the form of Jacobi-like quadratic constraints, plus terms that vanish if the strong and weak constraints are imposed on the fields and gauge parameters of the effective lower dimensional theory. Since the quadratic constraints for the gaugings are less restrictive than the weak and strong constraints, this implies that they can be relaxed on the internal space (a similar situation occurs for the strong constraint in the Ramond-Ramond sector of (massive) Type II theories [6] ).
Finally, we show how the non-Abelian heterotic supergravity can be embedded in GDFT, by adding extra internal coordinates associated to the generators of the heterotic gauge symmetry, and twisting them to recover the structure constants of the non-Abelian algebra. Such a procedure is possible only after relaxing the constraints on the internal directions.
The paper is organized as follows. In Section 2 we review the generalized metric formulation of DFT. We obtain the closure and invariance constraints required for consistency of gauge symmetries. Section 3 is devoted to analyze generalities of Scherk-Schwarz dimensional reductions of DFT. In Section 4 we review how to embed the 10-dimensional non-Abelian heterotic String into GDFT. In Section 5 we summarize our main results and conclude.
Double Field Theory
DFT is a field theory invariant under a global symmetry group G with a K-dimensional fundamental representation (with indices M, N = 1, . . . , K), and a symmetric metric η M N . The coordinates X M form fundamental vectors of G. To describe the NS degrees of freedom of string theory, one takes the group G to be O(K/2, K/2), but until Section 4 we do not need to specify what G is, we just need that it preserves a symmetric metric.
The dynamical fields are the symmetric generalized metric H M N ∈ G, with inverse given by H M N = η M P H P Q η QN , and a G scalar d. The generalized metric can be written in terms of a
where S ab is the planar metric in K dimensions (where a, b = 1, . . . , K) with appropriate signature (i.e., for the case
The G transformations act as
The dynamics of DFT is described by an action that can be written in a compact form (up to total derivatives) in terms of a generalized Ricci scalar as 3) where R is defined by
Originally the coefficients in the first two lines were chosen by hand in order to require invariance of the action under the symmetries, but it was shown that this action (with the last term included) is actually up to total derivatives the Ricci scalar corresponding to the generalized metric, or to be more precise to a torsion free generalized connection [2, 11, 10] . The last term vanishes if we impose the strong constraint, given below in (2.16), and is not in the original generalized metric formulation of DFT but we include it to recover the results of [11] and, as we will show in the next section, because it provides the right contribution to the dimensionally reduced theory.
Gauge symmetries and constraints
The infinitesimal gauge transformations are generated by parameters ξ M (X) in the fundamental representation of G, and take the form
In general, one can define a gauge transformation for a generic tensor
Here we illustrate the transformations using a tensor with an upper and a lower index such that the generalization to an arbitrary tensor is easy to obtain. These transformations define the so-called C-bracket
Demanding that the commutator of two transformations of an arbitrary given tensor V M N behaves as a transformation itself 8) leads to the following first closure constraint 1
When fields and gauge parameters are restricted in such a way that one can always find a frame in which the dependence on dual coordinates vanishes, this equation is automatically satisfied.
However, different configurations could be considered for which this is not the case.
The C-bracket has a non-vanishing Jacobiator, which can be written as
The last term of this equations vanishes due to the constraint (2.9) . Imposing this constraint and using (2.8) the follow identity can be derived
Since the left hand side of (2.11) vanishes because the ordinary commutator satisfies the Jacobi identity, consistency requires that the Jacobiator generates trivial gauge transformations, and this leads to the second closure constraint
Again, for restricted configurations this is automatically satisfied, but it could admit other solutions.
The gauge transformations (2.5) imply that R and e −2d transform as 13) with
Therefore, for R to transform as a scalar, the following invariance constraint must hold
Also, for consistency, any subset of fields and gauge parameters allowed by the constraints must be such that under gauge transformations the transformed fields satisfy the constraints (2.9), (2.12) and (2.15) as well (i.e. the transformed fields must be also contained in the subset).
To summarize, consistency of gauge invariance in DFT requires two closure constraints (2.9) and (2.12) and the invariance constraint (2.15) . All these restrictions involve contractions of two derivatives, and therefore vanish when the so-called weak and strong constraints hold, 16) where W and V denote any field or gauge parameter. Imposing these constraints was shown to be extremely restrictive. In particular, they only allow for restricted configurations of fields and gauge parameters that can be locally rotated to a frame in which they do not depend on the dual coordinates. Here we see that these constraints are sufficient to satisfy the closure and invariance conditions, but not necessary.
Gauged Double Field Theory
In this section we compactify a K-dimensional DFT on a twisted torus of dimension d. This leads to an effective theory defined on an N -dimensional space with N = K − d, which we call GDFT. The resulting effective action depends on a set of N external coordinates denoted X, while the d compact dimensions are referred to as Y. The compactification is defined by the (duality) twist matrix
that maps the G indices M, N of the parent DFT into the G indices A, B of the effective GDFT.
One starts by proposing a reduction ansatz that specifies the internal and external dependence of any arbitrary tensor 2) where V can denote either a field or a gauge parameter. The notation is such that the hatted tensors V A B only depend on the coordinates X, and correspond respectively to dynamical objects or gauge parameters in the effective action. The internal dependence is fixed by the twist matrix (3.1), and has no dynamics.
It must then be demanded that the Y-dependence factorizes out of the gauge transformations and the action. The information on the internal space does not disappear however, and is encrypted in gaugings, which are Y-independent combinations of derivatives of the twists (3.1).
At this point there are two conditions that can be imposed on the ansatz (3.2) . One is that Lorentz invariance of the N -dimensional effective action is preserved, which requires that Lorentzian coordinates remain untwisted, so any X-dependent quantity g(X) must satisfy
Also, we restrict the set of external and internal coordinates in such a way that if a given coordinate is external (internal), its dual must be external (internal). This can be imposed through 4) and it ensures that the effective GDFT is also formally doubled.
The effective action
To obtain the effective action of GDFT, we start by twisting the generalized metric, and provide
3) the action of GDFT is obtained 6) where v is defined by
and R f is the gauged part of the action
where
All the dependence on the twists enters in the effective action through the overall scale v in (3.7) and the gaugings 10) which are taken to be constant. Note that the restriction (3.3) implies the following consistency (3.11) This states that the N -dimensional Lorentz invariance is not broken in the effective action by the gaugings.
If we had not included the last term in the definition of the generalized Ricci scalar (2.4), this action would involve an additional term proportional to the twists U , which are Y-dependent.
Since we have demanded all the Y-dependence to factorize out, we are forced to include such additional term.
Gauge symmetries and constraints
The gauge parameters ξ A in GDFT are obtained by twisting the gauge parameter ξ M of the parent DFT
The effective gauge transformations δ ξ are defined through the relation 13) which guarantees that the transformed tensors maintain the "Scherk-Schwarz" structure (3.2).
After some algebra the following gauge transformation can be extracted from (3.13) (3.14) Note that the first line is the usual gauge transformation of the ungauged theory. Again, for consistency the gaugings must be constant to ensure that gauge transformations do not reintroduce Y-dependence. For the fields of GDFT the gauge transformations (3.14) read 15) and
The C-bracket defines a twisted effective bracket, which we call f -bracket
The f -bracket preserves the structure of the C-Bracket but receives an extra contribution from the gaugings
Closure of the effective gauge transformations also gives rise to the f -bracket plus twisted closure constraints (cf. equation (2.8)) 3.19) Using that the gaugings are constant, we get after some algebra the first twisted closure constraint
which can be obtained either by twisting the first closure constraint in the higher dimensional DFT, or by demanding that two transformations (3.14) reproduce a unique transformation. The second line in (3.20) is F ( ξ 1 , ξ 2 , V ), and the last line is generated by gaugings that interestingly are arranged in a Jacobi-like form.
The Jacobiator J f of the f -bracket is given again by a total derivative 21) and demanding that it generates trivial gauge transformations leads to the second twisted closure constraint (3.22) Again this expressions can be found either by twisting their analogs in the higher dimensional DFT, or by direct computations using the f -bracket and the constraint (3.20) .
The deformed Ricci scalar (3.6) can be shown to transform as follows under gauge transformations (3.15) and (3.16)
where 24) provided the gaugings f A vanish. Let us briefly explain in the context of the higher dimensional theory why this should be the case. The parent DFT transforms as a total derivative involving the duality twists, which are not globally well defined. Therefore, to ensure gauge invariance, one should impose as a constraint for the duality twists that such derivative vanishes. Since it is proportional to f A , these gaugings must be set to zero to ensure gauge invariance in the effective theory. In [9] it was shown how to introduce f A deformations through modifications of the ansatz that involve a warp factor. We will not consider this possibility here. Due to (3.23) the action (2.3) is then gauge invariant when the following twisted invariance constraints hold
The action of GDFT formally preserves the G covariance of the original theory. However, the gaugings explicitly break this group and gauge a subgroup of it. It they were treated as spurions, and rotated under G, both the action and gauge transformations would transform covariantly. This is in complete analogy with gauged supergravities [18] . For a given gauging, the effective theory contains vectors preserving a non-Abelian gauge symmetry, and this is the reason why we call this theory Gauged DFT. A concrete realization of this fact is given in Section 4, where we analyze the embedding of the non-Abelian heterotic supergravity in GDFT.
Solutions to the constraints
In this section we present a possible family of solutions to the effective constraints (3.20) , (3.22) and (3.25) . We require the effective tensors V and W to satisfy the weak and strong constraints on the external space (3.26) In this case, (3.20) dictates that the gaugings should satisfy Jacobi identities
The other constraints, equations (3.22) and (3.25) are then automatically satisfied. We now argue that in general these configurations do not satisfy the strong and weak constraints (2.16).
It is convenient to define the tensor (3.28) related to the gaugings through
In terms of this object, the strong constraint for the duality twists
implies
while Jacobi identities read [9] (3.32) Since the gaugings are constant, the last term in (3.32) vanishes. Given that (3.31) appears antisymmetrized in (3.32) , the strong constraint suffices to satisfy all the effective constraints, but it is not necessary.
This observation was also made in [9] , and the fact that the strong constraint is never used in the compactification procedure was previously noted in [8] . In the light of our results, we now see that relaxing the strong constraint on the internal space is a perfectly consistent choice.
As for the weak constraint, we note that if we require the twist to satisfy it, given that U ∈ G, we get that the following condition holds (3.33) which is not required by our constraint (3.27) . So similarly to the strong constraint, we get that the weak constraint is more restrictive than what we need for invariance of the action and closure of the algebra.
We would also like to point out the difficulty in relaxing the strong constraint while keeping the weak. In fact, for a set of fields and gauge parameters satisfying the weak constraint to be consistent, under gauge transformations the transformed fields must also satisfy this restriction.
However, the transformed fields are given by products of (un-transformed) fields and gauge parameters, so for the weak constraint to annihilate the transformed field, the untransformed ones must obey strong-like constraints. Let us also comment on what would happen if the weak constraint were imposed on the solutions (3.26)-(3.27) . Notice that if the generalized metric together with the gauge parameters were restricted to satisfy the weak constraint, one obtains using (3.4)
The last terms in these equations vanish due to (3.26) . Also, since the effective gauge parameters are allowed to take values in any direction, then (3.34) implies that the first two terms of (3.35) vanish also. Therefore, the third term in (3.35) must vanish
Since Ω E AB = −Ω E BA , we conclude that Ω EAB Ω E CD = Ω E[AB Ω E CD] , which vanishes due to the Jacobi identities and constancy of the gaugings (3.32) . Therefore, when the weak constraint is combined with the Jacobi identities, the strong constraint (3.31) must hold for the duality twists in the solutions (3.26)-(3.27) .
Let us stress that the weak constraint is derived in string theory from a worldsheet analysis in the context of Kaluza-Klein compactifications of closed strings on tori. It is possible, in light of our results based on a field theory analysis, that such constraint could be modified in ScherkSchwarz compactifications of closed strings on more general spaces like the ones we consider in this paper. These issues deserve a better understanding and we hope to return to them in the future.
Although the weak and strong constraints can be relaxed on the internal space, consistency requires other constraints which can also be highly restrictive (although, in principle allow for truly double spaces). As we said, the weak and strong constraints must be replaced by the Jacobi identities (or more generally, the twisted constraints). The condition that the gaugings must be constant restrict the possible configurations also. In addition, the duality twist is forced to be an element of G, and the condition f A = 0 obtained in (3.25) (where f A are defined in (3.10)) poses a condition on λ(Y). Regarding global aspects, since the duality twist can be thought of as a generalized K-bein [17] , the differentials U A M dY M must be globally well defined up to identifications of coordinates. Finally, there are certain extra conditions on the algebra that have to be met such that one can consistently find a set of identifications to make the space compact (a discussion within solvable algebras can be found in [19] and references therein). We will not discuss them here. Interesting works on how to generate gaugings from duality twists are [17, 20] .
Completing the action
As pointed out in [8] , when the effective action (3.6) is written in the form of gauged half-maximal supergravity [21] , it differs from the latter by the following term in the Lagrangian
The absence of such term indicates that the theory actually corresponds to a truncation of maximal supergravity [22] . Comparing our results with those of [7] , we see that both actions differ by exactly the same term.
This term can have a higher dimensional origin in the following manifestly G-invariant additional piece in the action [9] (3.38) where the indices are contracted using the metric η ab , which coincides with the metric of the group G. The tensor F abc is given by
The consistency constraints (2.9), (2.12) and (3.25) do not require the term (3.38) to be zero.
The overall factor − 1 6 in (3.38) is not fixed by the symmetries, but chosen by hand to reproduce the corresponding term in gauged half-maximal supergravities [8, 9] and the heterotic string [7] .
Under the gauge transformations (2.5) , this contribution to the generalized Ricci scalar transforms as
where (3.41) which contributes to the total G in (2.14).
When evaluated in the ansatz (3.5) , the tensor (3.39) splits into the contributions
where (3.43) and leads to two extra terms in the effective action (3.44) Under the effective gauge transformations (3.15) , the last term in (3.44) transforms as (3.46) contributing to G f in (3.24) . The first term in equation (3.44) gives precisely the required contribution to complete the results of [7] . It can be checked that the second term in (3.44) vanishes using a standard parametrization (lower triangular for the case of O(K/2, K/2)) for the K-bein (see [17, 23] ) if the weak and strong constraints are satisfied on the external space.
In this situation, whenever F abc in non-zero, F abc vanishes. To understand this intuitively, one can think of an analogous situation for the first term. This terms corresponds to contractions between geometric and non-geometric fluxes, and is zero in situations where the weak and strong constraints apply to the internal space and the twist is given a geometric parametrization. The setup in the next section is precisely the one under which the second term in (3.44) vanishes.
Heterotic String as a GDFT
In this section we would like to revisit the results of [7] , and show how the non-Abelian heterotic strings [24] can be embedded in GDFT (see [25] for a discussion of the Abelian case). The first re-writing of the heterotic in a G covariant way was done in [26] . It is not surprising that both the heterotic supergravity and half-maximal gauged supergravity in four dimensions can be embedded in GDFT, since the later can be obtained from dimensional reductions of the former (see [27] and references therein).
The novel feature here is that the structure constants of the non-Abelian gauge group are not put in by hand, but have now a higher dimensional origin in the twist of a d-dimensional space. The starting DFT has global symmetry group
and metric 
2)
where the "effective" generalized metric H is parameterized by the D-dimensional metric g ij ,
with
The other generalized field is defined by the G invariant combination of the dilaton φ and the determinant of the metric g
We consider the particular case in which N = 2D = 10 + 10, d = 496, and define X = (x, x) and Y = y. The d internal coordinates y α are twisted, and to recover the low energy action of the heterotic string we will require no dependence on the dual external coordinatesx i . The gaugings take the form 6) and are constrained by
In this case the constraints for external fields (3.20) , (3.22) and (3.25) are trivially satisfied due to the fact that the fields do not depend on the coordinatesx. Notice that for the twisted internal space the metric (4.1) is the identity. Therefore, if the weak and strong constraints acted in the twisted internal space, they would remove all the dependence on y α , and therefore the gaugings would vanish, leaving the effective theory with an Abelian gauge symmetry.
Under these assumptions and with these parameterizations, the action of GDFT (3.6) completed with the extra contribution (3.44) can be cast in the form 8) where R is the 10-dimensional Ricci scalar, and we have defined the curvatureŝ 9) and
Regarding the gauge symmetries of this theory, they are inherited from the gauge symmetries of GDFT through (3.15) . When evaluating the different components of (3.15) one finds the following transformation properties for the fields
12)
13)
where we have parameterized ξ A = (ε i , ε i , Λ α ). This is precisely the way under which the fields transform under diffeomorphisms parameterized by ε i , gauge transformations of the B-field parameterized byε ′ i =ε i − 1 2 A i α Λ α and gauge transformations of the heterotic gauge fields parameterized by Λ α [7] .
The action (4.8) together with its transformation laws (4.11)-(4.14) are precisely those of the non-Abelian heterotic 10-dimensional supergravity, provided the structure constants ω a bc of the E 8 × E 8 or SO(32) group of the Heterotic are identified with the gaugings f α βγ in a basis in which the Killing form κ ab coincides with the metric δ αβ . To make the connection explicit,
we define a change of basis ν and the heterotic gauge coupling g 0 (4.15) so that 
Conclusions
We revisited the gauge symmetries of DFT, and derived necessary and sufficient consistency conditions for closure of gauge transformations, (2.9), (2.12) and gauge invariance of the action (2.15) . These conditions select sets of fields and gauge parameters for which DFT is consistent.
The only previously known solutions to these conditions obeyed the so-called weak and strong constraints (2.16) , that restrict the possible configurations to be T-dualizable to a frame in which there is no dependence on dual coordinates. Here, we propose a configuration (3.2)à la that should satisfy (3.27) and (3.26) for consistency, but not necessarily the weak or strong constraint.
On these configurations, DFT is effectively described by a lower dimensional Gauged DFT, a DFT-like theory deformed by gaugings that preserve the global covariance of the parent theory. The action (3.6) , global symmetries, gauge symmetries (3.15) , (3.16), bracket (3.18) and constraints (3.20) , (3.22) and (3.25) are all derived from those of DFT (2.2), (2.3), (2.5), (2.7), (2.9), (2.12), (2.15) .
Particular examples of GDFT are gauged supergravities and the non-Abelian heterotic supergravities. The embedding of the former into GDFT was discussed in [8, 9] , and the later in [7] . We reviewed the results of [7] in the context of dimensional reductions, showing that the heterotic supergravities can be effectively obtained from Scherk-Schwarz compactifications of ungauged DFT.
There are a number of questions that follow from our analysis. In particular, it would be nice to find the classes of solutions to the constraints we found on the DFT, and determine if there is a maximal class. On the other hand, at the level of the reduced GDFT, it would be interesting to classify all the possible solutions to the constraints on the duality twists, and determine all the possible orbits of gaugings that can be turned on through this procedure.
Generalizations of our procedure could allow for more general gaugings, like those obtained by turning on f A . Another task would be to find an explicit example or existence proof of truly doubled backgrounds satisfying the constraints of Section 3.3.
Finally, relaxing the strong constraint forces more ambitious questions upon us. Given that a background for which there is no frame where the dependence on the dual coordinates disappears, one cannot stay within a limit where higher string excitation modes are heavier than the modes kept here. In that case one wonders whether a formulation of DFT without the strong constraint really corresponds to some limit of string theory 2 .
